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In this work we develop a theoretical framework for Gauss-Bonnet modified gravity theories, in
which ghost modes can be eliminated at the equations of motion level. Particularly, after we present
how the ghosts can occur at the level of equations of motion, we employ the Lagrange multipliers
technique, and by means of constraints we are able to eliminate the ghost modes from Gauss-Bonnet
theories of the form f(G) and F (R,G) types. Some cosmological realizations in the context of the
ghost free f(G) gravity are presented, by using the reconstruction technique we developed. Finally,
we explore the modifications to the Newton law of gravity generated by the ghost-free f(G) theory.
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I. INTRODUCTION
Undoubtedly one of the mysteries in theoretical physics is to find a consistent way to describe all the observed
interactions under the same theoretical framework. This would require gravity to be quantized in some way and up
to date, only string theory seems to provide a complete UV completion of all known particle physics theories. In
cosmology, the quantum gravity era controls the pre-inflationary era, during which gravity is expected to be unified
with all the other three interactions. It is evident that during this pre-inflationary era, string theory would be the
most appropriate theory to describe the physical laws of our Universe, however it is not easy to prove that this is
indeed the case. However some string theory effects could have their impact on the inflationary era, and this impact
may be in fact measurable. There exist many theories in modern theoretical cosmology which take into account string
theory motivated terms in the interaction Lagrangian of the model, such as the scalar-Einstein-Gauss-Bonnet gravity
theory [1, 2], in which case the Lagrangian is of the form,
S =
∫
d4x
√−g
(
1
2κ2
R− 1
2
∂µχ∂
µχ+ h (χ)G − V (χ) + Lmatter
)
, (1)
where G is the Gauss-Bonnet invariant defined as follows,
G ≡ R2 − 4RµνRµν +RµνρσRµνρσ . (2)
The scalar-Einstein-Gauss-Bonnet models are motivated by α′ corrections in superstring theories [3], and they serve
as a consistent example of how string theory may leave its impact on the primordial acceleration era of the Universe.
Another very well studied class of theories in the same context, is that of f(G) gravity [4–9], in which case the
Lagrangian is of the form,
S =
∫
d4x
√−g
(
1
2κ2
R+ f(G) + Lmatter
)
. (3)
These theories contain a function of the Gauss-Bonnet invariant, and therefore the presence of this function generates
non-trivial effects in the theory, due to the fact that the effect of the Gauss-Bonnet term does not appear as a total
2derivative anymore, as in the linear theory of the Gauss-Bonnet scalar. Both these theories belong to a wider class of
cosmological models which are known as modified gravity models [10–16], and which generalize the standard Einstein-
Hilbert theory. The motivation for studying such theories comes from the fact that in the context of these, several
cosmological eras may be described by the same theory in a unified way, see for example Ref. [17] in which the unified
description of the inflationary and of the dark energy eras was given in terms of f(R) gravity. In addition, similar
studies were presented in terms of scalar Einstein Gauss-Bonnet models [18] and f(G) models.
Due to the importance of the models containing or involving the Gauss-Bonnet scalar, which are string theory
motivated in most cases, in this paper we shall address an important shortcoming of these theories, namely the
existence of ghosts. Usually, higher-derivative theories contain ghost degrees of freedom due to the Ostrogradsky’s
instability, see for example [19]. As was pointed out in [20], ghost degrees of freedom may occur at various levels of
the theory, even at the cosmological perturbations level of F (R,G) theories, where superluminal modes ∼ k4 occur,
where k is the associated wavenumber. Having these issues in mind, in this paper we shall investigate how the ghosts
may be eliminated from f(G) and F (R,G) theories. Particularly, by using an appropriate constraint used firstly
in the context of mimetic gravity [21–23], we shall demonstrate that the resulting theories are ghost-free. Similar
constrained Gauss-Bonnet theories in the context of mimetic gravity were studied in [24]. Also ghost-free theories
were also developed in Refs. [25, 26], but in a different context. In this work we shall also consider the cosmological
evolution of the resulting theories, and we shall investigate how several cosmological evolutions may be realized by
the ghost-free models we will develop, emphasizing on the dark energy era and inflationary era. Finally, we shall
investigate how the Newton law is modified in the context of the ghost-free f(G) gravity.
This paper is organized as follows: In section II we address the ghost issue in the context of f(G) gravity. We
firstly demonstrate how ghosts may occur in this theory and we provide two remedy theories, which are ghost-free
extensions of f(G) gravity. In section III we investigate how several cosmological evolutions may be realized in the
context of the proposed ghost-free f(G) theory. In section IV we discuss how the Newton law becomes in the context
of the ghost-free f(G) gravity, and finally in section V we briefly investigate how a general F (R,G) theory may be
rendered ghost free.
II. GHOST-FREE f (G) GRAVITY
In this section we shall investigate how to obtain a ghost free f(G) gravity, and we shall employ the Lagrange
multipliers formalism in order to achieve this. Before getting into the details of our formalism, we will start the
presentation by showing explicitly how ghost modes may occur in f (G) gravity at the equations of motion level, and
the ghost-free version construction of the theory follows.
A. Ghosts in f (G) Gravity
In order to investigate if any ghost modes could appear in f (G) gravity model (3), we investigate the equations of
motion, by considering a general variation of the metric of the following form,
gµν → gµν + δgµν . (4)
Effectively, the variations of δΓκµν , δRµνλσ , δRµν , and δR read,
δΓκµν =
1
2
gκλ (∇µδgνλ +∇νδgµλ −∇λδgµν) ,
δRµνλσ =
1
2
[
∇λ∇νδgσµ −∇λ∇µδgσν −∇σ∇νδgλµ +∇σ∇µδgλν + δgµρRρνλσ − δgνρRρµλσ
]
,
δRµν =
1
2
[∇µ∇ρδgνρ +∇ν∇ρδgµρ −δgµν −∇µ∇ν (gρλδgρλ)− 2Rλ ρν µδgλρ +Rρµδgρν +Rρνδgρµ] ,
δR =− δgµνRµν +∇µ∇νδgµν − (gµνδgµν) . (5)
Accordingly the variation of the Gauss-Bonnet scalar δG reads,
δG =2R (−δgµνRµν +∇µ∇νδgµν −∇2 (gµνδgµν))+ 8RρσRµ νρ σδgµν − 4 (Rρν∇ρ∇µ +Rρµ∇ρ∇ν) δgµν
+ 4Rµν∇2δgµν + 4Rρσ∇ρ∇σ (gµνδgµν)− 2RµρστRνρστ δgµν − 4Rρµσν∇ρ∇σδgµν . (6)
3Then for the f (G) gravity model (3), by varying the action with respect to the metric tensor gµν , we obtain the
following equations of motion,
0 =
1
2κ2
(
−Rµν + 1
2
gµνR
)
+ T µνmatter +
1
2
gµνf(G) + (−2RRµν + 8RρσRµ νρ σ − 2RµρστRνρστ ) f ′ (G)
+ 2 (∇µ∇ν − gµν) (Rf ′ (G))− 4∇µ∇ρ (Rρνf ′ (G))− 4∇ν∇ρ (Rρµf ′ (G)) + 4 (Rµνf ′ (G))
+ 4gµν∇ρ∇σ (Rρσf ′ (G))− 4∇ρ∇σ (Rρµσνf ′ (G)) . (7)
By using the Bianchi identities,
∇ρRρτµν = ∇µRντ −∇νRµτ , ∇ρRρµ = 1
2
∇µR ,
∇ρ∇σRµρνσ = Rµν − 1
2
∇µ∇νR+RµρνσRρσ −RµρRνρ , ∇ρ∇σRρσ =
1
2
R , (8)
we can rewrite Eq. (7) as follows,
0 =
1
2κ2
(
−Rµν + 1
2
gµνR
)
+ T µνmatter +
1
2
gµνf(G) + (−2RRµν − 2RµρστRνρστ + 4RµρRνρ + 4RρσRµ νρ σ) f ′ (G)
+ 2R∇µ∇νf ′ (G) − 2gµνRf ′ (G)− 4Rρν∇µ∇ρf ′ (G)− 4Rρµ∇ν∇ρf ′ (G)
+ 4Rµνf ′ (G) + 4gµνRρσ∇ρ∇σf ′ (G)− 4Rρµσν∇ρ∇σf ′ (G) . (9)
Also in four dimensions, we have the following identity,
0 =
1
2
gµνG − 2RRµν − 2RµρστRνρστ + 4RµρRνρ + 4RρσRµ νρ σ . (10)
Then Eq. (9) takes the following form,
0 =
1
2κ2
(
−Rµν + 1
2
gµνR
)
+ T µνmatter +
1
2
gµν (f(G)− Gf ′ (G)) + 2R∇µ∇νf ′ (G) − 2gµνRf ′ (G)
− 4Rρν∇µ∇ρf ′ (G)− 4Rρµ∇ν∇ρf ′ (G) + 4Rµνf ′ (G) + 4gµνRρσ∇ρ∇σf ′ (G)− 4Rρµσν∇ρ∇σf ′ (G) . (11)
We now rewrite Eq. (11) in the following form,
0 =
1
2κ2
(
−Rµν + 1
2
gµνR
)
+
1
2
Tmatterµν +
1
2
gµν (f(G)− Gf ′ (G)) +D τηµν ∇τ∇ηf ′ (G) ,
D τηµν ≡
(
δ τµ δ
η
ν + δ
τ
ν δ
η
µ − 2gµνgτη
)
R+
(−4gρτδ ηµ δ σν − 4gρτδ ην δ σµ + 4gµνgρτgση)Rρσ
+ 4Rµνg
τη − 2Rρµσν (gρτgση + gρηgστ ) . (12)
Having in mind that,
gµνD τηµν = 4
(
−1
2
gτηR+Rτη
)
, (13)
we find in component form,
D 0000 =2R− 2g00g00R− 8R00 + 4g00R00 + 4g00R00 − 4R0 00 0 ,
D 00ij =4gijR
00 − 4R0 0i j − 2gijg00R + 4Rijg00 . (14)
If we choose the gauge in which g0i = 0, then the quantity D
00
00 vanishes but D
00
ij does not vanish in general.
This indicates that Eq. (11) includes the fourth derivative of metric with respect to the cosmic time coordinate and
therefore ghost modes might appear. We may see the existence of ghost modes explicitly, by considering perturbations.
Let a solution of (11) be gµν = g
(0)
µν and we denote the curvatures and connections given by g
(0)
µν by using the indexes
“(0)”. Then in order to investigate if any ghost could exist, we may consider the variation of (11) around the solution
g
(0)
µν as follows gµν = g
(0)
µν + δgµν . For the variation of δgµν , we may impose the following gauge condition,
0 = ∇µδgµν . (15)
4Then Eq. (6) reduces to,
δG =2R (−δgµνRµν −∇2 (gµνδgµν))+ 8RρσRµ νρ σδgµν + 4Rµν∇2δgµν + 4Rρσ∇ρ∇σ (gµνδgµν)
− 2RµρστRνρστ δgµν − 4Rρµσν∇ρ∇σδgµν . (16)
Even if we impose the condition δgµµ = 0, Eq. (16) has the following form,
δG = −2RRµνδgµν + 8RρσRµ νρ σδgµν + 4Rµν∇2δgµν − 2RµρστRνρστ δgµν − 4Rρµσν∇ρ∇σδgµν , (17)
which also contains the second derivative of the metric gµν with respect the cosmic time coordinate. Under the
perturbation gµν = g
(0)
µν + δgµν , the term D
τη
µν ∇τ∇ηf ′ (G) takes the following form,
D τηµν ∇τ∇ηf ′ (G)→ D τηµν ∇τ∇ηf ′
(
G(0)
)
+D τηµν ∇τ∇η
(
f ′′
(
G(0)
)
δG
)
+ · · · , (18)
which contains the fourth derivative of the metric gµν with respect to the cosmic time coordinate, and therefore the
perturbed equation (12) may have a ghost mode. Note that in Eq. (18), the “· · · ” expresses the terms occurring from
the variation of D τηµν ∇τ∇η. The propagating mode is a scalar expressed by the Gauss-Bonnet invariant as it is clear
from Eq. (12). Having presented explicitly how a ghost mode may occur in f(G) gravity, we now demonstrate how
the ghost modes may be eliminated or avoided in this theory. This is the subject of the next subsection.
B. Development of a Ghost-free f(G) Gravity
In this subsection, we consider how we can avoid the ghost in f(G) gravity. To this end, we rewrite the action of
Eq. (3) by introducing an auxiliary field χ as follows,
S =
∫
d4x
√−g
(
1
2κ2
R+ h (χ)G − V (χ) + Lmatter
)
. (19)
Then by varying the action (19) with respect to the auxiliary field χ, we obtain the following equation,
0 = h′ (χ)G − V ′ (χ) , (20)
which can be solved with respect to χ as a function of the Gauss-Bonnet invariant G as follows, χ = χ (G). Then by
substituting the obtained expression into Eq. (20), we reobtain the action of Eq. (3) with f (G) being equal to,
f (G) = h (χ (G))G − V (χ (G)) . (21)
On the other hand, by varying the action (20) with respect to the metric tensor, we obtain,
0 =
1
2κ2
(
−Rµν + 1
2
gµνR
)
+
1
2
Tmatterµν − 1
2
gµνV (χ) +D
τη
µν ∇τ∇ηh (χ) , (22)
with D τηµν being defined in Eq. (12). Since χ can be given by a function of the Gauss-Bonnet invariant G, Eq. (22) is
the fourth order differential equation for the metric, which may actually generate the ghost modes. Eq. (22) indicates
that the propagating scalar mode is quantified in terms of χ. Then in order to make the scalar mode not to be ghost,
we may add a canonical kinetic term of χ in the action (19) as in the model of Eq. (1) [1], where we have chosen the
mass dimension of χ to be unity. Then instead of Eqs. (20) and (22), we obtain,
0 =χ+ h′ (χ)G − V ′ (χ) , (23)
0 =
1
2κ2
(
−Rµν + 1
2
gµνR
)
+
1
2
Tmatterµν +
1
2
∂µχ∂νχ− 1
2
gµν
(
1
2
∂ρχ∂
ρχ+ V (χ)
)
+D τηµν ∇τ∇ηh (χ) . (24)
Since the equations derived above do not contain higher than second order derivatives, if we impose initial conditions
for the following quantities gµν , g˙µν , χ, and χ˙ on a spatial hypersurface of constant cosmic time, the evolution of gµν
and χ is uniquely determined, and as it is clear from Eq. (24), these could not be ghosts. In the model of Eq. (1),
we have introduced a new dynamical degree of freedom, namely χ, but if we like to reduce the dynamical degrees of
5freedom, we may impose a constraint as in the mimetic gravity case [21–23], by introducing the Lagrange multiplier
field λ, as follows,
S =
∫
d4x
√−g
(
1
2κ2
R + λ
(
1
2
∂µχ∂
µχ+
µ4
2
)
− 1
2
∂µχ∂
µχ+ h (χ)G − V (χ) + Lmatter
)
, (25)
where µ is a constant with mass-dimension one. Then, by varying the above action (25) with respect to λ, we obtain
the constraint,
0 =
1
2
∂µχ∂
µχ+
µ4
2
. (26)
Then due to the fact that the kinetic term becomes a constant, the kinetic term in the action of Eq. (25) can be
absorbed into the redefinition of the scalar potential V (χ) as follows,
V˜ (χ) ≡ 1
2
∂µχ∂
µχ+ V (χ) = −µ
4
2
+ V (χ) , (27)
and we can rewrite the action of Eq. (25) as follows,
S =
∫
d4x
√−g
(
1
2κ2
R+ λ
(
1
2
∂µχ∂
µχ+
µ4
2
)
+ h (χ)G − V˜ (χ) + Lmatter
)
. (28)
For the model of Eq. (28), in addition to Eq. (26), we have the following two equations of motion,
0 =− 1√−g∂µ
(
λgµν
√−g∂νχ
)
+ h′ (χ)G − V˜ ′ (χ) , (29)
0 =
1
2κ2
(
−Rµν + 1
2
gµνR
)
+
1
2
Tmatterµν − 1
2
λ∂µχ∂νχ− 1
2
gµν V˜ (χ) +D
τη
µν ∇τ∇ηh (χ) , (30)
where we have also used Eq. (26). By multiplying Eq. (30) with gµν , we obtain,
0 =
R
2κ2
+
1
2
Tmatter +
µ4
2
λ− 2V˜ (χ)− 4
(
−Rτη + 1
2
gτηR
)
∇τ∇ηh (χ) , (31)
where we used Eq. (26) and Tmatter ≡ gµνTmatterµν . Eq. (31) can be solved with respect to the Lagrange multiplier
field λ, and the result is,
λ = − 2
µ4
(
R
2κ2
+
1
2
Tmatter − 2V˜ (χ)− 4
(
−Rτη + 1
2
gτηR
)
∇τ∇ηh (χ)
)
. (32)
We expect that the model (28) could not contain a ghost mode. And actually by using perturbations of the metric,
we now show explicitly that indeed the model (28) is ghost free. Let the general solutions of Eqs. (26), (29), and (30)
be g
(0)
µν , χ(0), and λ(0) and we consider the following perturbation,
gµν = g
(0)
µν + δgµν , χ = χ
(0) + δχ , λ = λ(0) + δλ . (33)
Then Eqs. (26), (29), and (30) can be written,
0 =∂µχ(0)∂µδχ− δgµν∂µχ(0)∂νχ(0) , (34)
0 =
g(0) ρσδgρσ
2
√
−g(0)
∂µ
(
λ(0)g(0)µν
√
−g(0)∂νχ(0)
)
− 1√
−g(0)
∂µ
(
δλg(0)µν
√
−g(0)∂νχ(0)
)
+
1√
−g(0)
∂µ
(
λ(0)g(0)µρδgρσg
(0)σν
√
−g(0)∂νχ(0)
)
− 1
2
√
−g(0)
∂µ
(
λ(0)g(0)µνg(0) ρσδgρσ
√
−g(0)∂νχ(0)
)
− 1√
−g(0)
∂µ
(
λ(0)g(0)µν
√
−g(0)∂νδχ
)
+ h′′
(
χ(0)
)
δχG(0) − V˜ ′′
(
χ(0)
)
δχ
+ h′
(
χ(0)
)(
2R(0)
(
−δgµνR(0)µν +∇(0)µ∇(0) νδgµν −(0)
(
g(0)µνδgµν
))
+ 8R(0) ρσR(0)µ νρ σδgµν
6− 4
(
R(0) ρν∇(0)ρ ∇(0)µ +R(0) ρµ∇(0)ρ ∇(0) ν
)
δgµν + 4R
(0)µν

(0)δgµν + 4R
(0) ρσ∇(0)ρ ∇(0)σ
(
g(0)µνδgµν
)
−2R(0)µρστR(0) νρστ δgµν − 4R(0)ρµσν∇(0)ρ ∇(0)σ δgµν
)
, (35)
0 =
1
2κ2
(
−1
2
(
∇(0)µ ∇(0) ρδgνρ +∇(0)ν ∇(0) ρδgµρ −(0)δgµν −∇(0)µ ∇(0)ν
(
g(0) ρλδgρλ
)
−2R(0)λ ρν µδgλρ +R(0) ρµδgρν +R(0) ρνδgρµ
)
+
1
2
R(0)δgµν +
1
2
g(0)µν
(
−δgρσR(0) ρσ +∇(0) ρ∇(0) σδgρσ −(0)
(
g(0) ρσδgρσ
)))
+
1
2
δTmatterµν
− 1
2
δλ∂µχ
(0)∂νχ
(0) − 1
2
λ(0)∂µδχ∂νχ
(0) − 1
2
λ(0)∂µχ
(0)∂νδχ− 1
2
δgµν V˜
(
χ(0)
)
− 1
2
g(0)µν V˜
′
(
χ(0)
)
δχ
+
{
−2
(
δgµνg
(0) τη − g(0)µν g(0) τζδgζξg(0) ξη
)
R(0)
+
(
δ τµ δ
η
ν + δ
τ
ν δ
η
µ − 2g(0)µν g(0) τη
)(
−δgζξR(0) ζξ +∇(0) ζ∇(0) ξδgζξ −(0)
(
g(0) ζξδgζξ
))
+ 4
(
g(0) ρζδgζξg
(0) ξτ δ ηµ δ
σ
ν + g
(0) ρζδgζξg
(0) ξτ δ ην δ
σ
µ + δgµνg
(0) ρτg(0)ση
+g(0)µν g
(0) ρζδgζξg
(0) ξτg(0)ση + g(0)µν g
(0) ρτg(0)σζδgζξg
(0) ξη
)
R(0)ρσ
+ 2
(
−g(0)ρτ δ ηµ δ σν − g(0) ρτ δ ην δ σµ + g(0)µν g(0) ρτg(0)ση
)(
∇(0)ρ ∇(0) ξδgσξ +∇(0)σ ∇(0) ξδgρξ
−(0)δgρσ −∇(0)ρ ∇(0)σ
(
g(0) ζξδgζξ
)
− 2R(0) ζ ξσ ρδgζξ +R(0) ξ ρδgξσ +R(0) ξ σδgξρ
)
− 4R(0)µν g(0) τζδgζξg(0) ξη + 4g(0) τη
(
∇(0)µ ∇(0) ξδgνξ +∇(0)ν ∇(0) ξδgµξ
−(0)δgµν −∇(0)µ ∇(0)ν
(
g(0) ζξδgζξ
)
− 2R(0) ζ ξν µδgζξ +R(0) ξ µδgξν +R(0) ξ νδgξµ
)
− 2
(
∇(0)σ ∇(0)µ δgνρ −∇(0)σ ∇(0)ρ δgνµ −∇(0)ν ∇(0)µ δgσρ +∇(0)ν ∇(0)ρ δgσµ + δgρξR(0) ξ µσν − δgµξR(0) ξ ρσν
)
g(0) ρτg(0)ση
−4R(0)ρµσν
(
g(0) ρζδgζξg
(0) ξτg(0)ση + g(0) ρτg(0)σζδgζξg
(0) ξη
)}
∇(0)τ ∇(0)η h
(
χ(0)
)
− 1
2
D(0) τηµν g
(0) ζξ
(
∇(0)τ δgηξ +∇(0)η δgτξ −∇(0)ξ δgτη
)
∂ζh
(
χ(0)
)
+D(0) τηµν ∇(0)τ ∇(0)η
(
h′
(
χ(0)
)
δχ
)
. (36)
On the other hand, Eq. (32) yields,
δλ =− 2
µ4
(
1
2κ2
(
−δgρσR(0) ρσ +∇(0) ρ∇(0)σδgρσ −(0)
(
g(0) ρσδgρσ
))
+
1
2
δTmatter
− 2V˜ ′
(
χ(0)
)
δχ− 4
(
−1
2
(
g(0) ηξ∇(0) τ∇(0) ρδgξρ + g(0) τξ∇(0) η∇(0) ρδgξρ
−g(0) τξg(0) ηζ(0)δgξζ −∇(0) τ∇(0) η
(
g(0) ρλδgρλ
)
− 2R(0)ληρτ δgλρ +R(0) ρτg(0) ηξδgρξ +R(0) ρηg(0) τξδgρξ
)
+
1
2
R(0)g(0) τζgηξδgζξ +
1
2
g(0) τη
(
−δgρσR(0) ρσ +∇(0) ρ∇(0) σδgρσ −(0)
(
g(0) ρσδgρσ
)))
∇(0)τ ∇(0)η h
(
χ(0)
)
− 4
(
g(0) τζδgζξg
(0) ξαg(0) ηβ + g(0)ηζδgζξg
(0) ξαg(0) τβ
)(
−R(0)αβ +
1
2
g
(0)
αβR
(0)
)
∇(0)τ ∇(0)η h
(
χ(0)
)
− 4
(
−R(0) τη + 1
2
g(0) τηR(0)
)(
−1
2
D(0) τηµν g
(0) ζξ
(
∇(0)τ δgηξ +∇(0)η δgτξ −∇(0)ξ δgτη
)
∂ηh
(
χ(0)
)
+D(0) τηµν ∇(0)τ ∇(0)η
(
h′
(
χ(0)
)
δχ
)))
. (37)
By substituting Eq. (37) in Eq. (36), we may eliminate δλ. The obtained equation contains first and second derivatives
of δgµν and χ, especially the first and second derivatives with respect to the cosmic time t. We can choose χ
(0) to be,
χ(0) = µ2t . (38)
Then Eq. (34) takes the following form,
0 = δχ˙− µ2δgtt , (39)
7and we also have δχ¨ = µ2δg˙tt. Then we can further eliminate the variation terms δχ˙ and δχ¨, and the obtained
equation contains the first and second derivatives of δgµν with respect to the cosmic time t, but does not include
the first and second derivative terms δχ again with respect to time t. Then by providing the initial conditions for
δgµν , δg˙µν , and χ on a spatial hypersurface, we can determine the time evolution of δgµν uniquely up to the gauge
invariance corresponding to the general covariance of the model, and the corresponding constraints. This indicates
that the number of the physical degrees of freedom is only two. Eq. (39) also indicates that χ is not dynamical and
the time evolution of χ is given by Eq. (39). Therefore, no additional degrees of freedom occur, compared to the
standard Einstein-Hilbert gravity, and in effect, no ghost modes actually occur in the theory. Having demonstrated
that the modified f(G) gravity theory can be rendered ghost-free, let us consider several examples of cosmological
evolutions which can be realized in the context of this theory. This is the subject of the next subsection.
C. Boundary terms of Ghost-free f (G) Gravity
In the present paper, our main interest for deriving the ghost-free equations of motion, is on cosmological appli-
cations, so the boundary terms should be of no particular interest. We shall come to this issue soon, however it is
worthy to discuss the differences that certain boundary terms would bring along, in the case that one is interested
in working on spacetimes with boundaries. In this case, for spacetimes M with boundary ∂M , the variation of the
action (28) induces the following terms on the boundary,
δSboundary =
∫
∂M
d3x
√−q
[
1
2κ2
{nµ∇νδgµν − nρ∇ρ (gµνδgµν)}
+ h(χ) {Rnµ∇νδgµν +Rnν∇µδgµν − (∇µR)nνδgµν − (∇νR)nµδgµν
− 4nρ (Rρν∇µδgµν +Rρµ∇νδgµν) + 4 (nµ (∇ρRρν) + nν (∇ρRρµ)) δgµν
+ 4nρR
µν∇ρδgµν − 4nρ (∇ρRµν) δgµν + 4nρσR ∇σ (gµνδgµν)− 4nσ (∇ρRρσ) gµνδgµν
−4nρRρµσν∇σδgµν + 4nσ (∇ρRρµσν ) δgµν}
+ h′(χ) {−R (∇µχ)nνδgµν −R (∇νχ)nµδgµν + 4 (nµRρν (∇ρχ) + nνRρµ (∇ρχ)) δgµν
−4nρRµν (∇ρχ) δgµν − 4nσRρσ (∇ρχ) gµνδgµν + 4nσRρµσν (∇ρχ) δgµν}
−λnµ∂µχ] , (40)
where nµ is a unit vector (nµnµ = 1 if nµ is space-like and nµnµ = −1 if nµ is time-like) which is perpendicular and
outward to the boundary and lµν ≡ gµν −nµnν is the induced metric on the boundary and l is the determinant of lµν .
In order for the variational principle to be well-defined, we need to require δSboundary = 0, which cannot be realized
because δSboundary includes both of δgµν without derivative and ∇σδgµν . In order to avoid this problem, we can add
Gibbons-Hawking boundary terms [27],
SGH =
1
κ2
∫
∂M
d3
√
−llµν∇µnν , (41)
for the part of the Einstein-Hilbert term, which is proportional to 1
κ2
or Myers-like boundary terms [28],
SM =2
∫
∂M
d3x
√
−lh(χ)
{
1
3
(
2KKµρK
ρν +KρσK
ρσK − 2KµρKρσK µσ −K3
)−Gµνl Kµν
}
,
Kµν ≡lρµlσν∇ρnσ , (42)
for the terms proportional to h(φ) but not to h′(φ). For some recent useful applications of Gibbons-Hawking like
terms in Euclidean gravity, see [29, 30]. Particularly, the terms proportional to h′(φ) and λ give some boundary
conditions for the scalar fields χ and λ, which could be, for example,
h′(χ) = 0 , λ = 0 , (43)
which could correspond to the boundary conditions chosen in Refs. [29, 30].
However in the most cases of a homogeneous and isotropic metric in cosmology, the most characteristic type of
metric chosen is a FRW metric, with or without spatial curvature. In the flat FRW case, the topological spaces
not excluded from the data up-to-date is the three-torus which is flat in 4-dimensional spacetime and the infinite
3-Euclidean plane, in which case no boundaries occur, unless some strong finite-time singularity occurs in the future.
In that case, the singularities which lead to geodesics incompleteness, like the Big Rip, may lead eventually to having
8certain forms of boundaries on the spacelike hypersurface on which the singularities occur, but this effect is hard to
quantify with Gibbons-Hawking terms because the ending of a future timelike geodesic is highly non-trivial to define
from a mathematical point of view, so no induced metric can be defined on it, and actually closed timelike curves
can occur and at the same time be absorbed in the same notion of the future singularity. Some useful treatment of
these issues can be found in [31]. So we refrain to further discuss the boundary terms issue, which is however useful
for non-cosmological applications.
III. FRW COSMOLOGY IN GHOST-FREE f (G) GRAVITY
In this section, we consider the cosmology produced by the ghost-free f (G) gravity model of Eq. (28). Especially
we show that it is possible to realize any cosmological era of the Universe, by using the model under consideration.
We will particularly try to realize the late and early-time acceleration eras.
A. A Reconstruction Technique for Model Building
Let us firstly demonstrate how the equations of motion of the model (28) become in the case the metric is a flat
Friedman-Robertson-Walker metric (FRW) with line element,
ds2 = −dt2 + a(t)2
∑
i=1,2,3
(
dxi
)2
. (44)
For this metric, we have,
Γtij = a
2Hδij , Γ
i
jt = Γ
i
tj = Hδ
i
j , Γ
i
jk = Γ˜
i
jk , Ritjt = −
(
H˙ +H2
)
a2δij , Rijkl = a
4H2 (δikδlj − δilδkj) ,
Rtt = −3
(
H˙ +H2
)
, Rij = a
2
(
H˙ + 3H2
)
δij , R = 6H˙ + 12H
2 , other components = 0 ,
G = 24H2
(
H˙ +H2
)
, (45)
where H ≡ a˙
a
. We also assume that λ and χ depend solely on the cosmic time t, that is, λ = λ(t) and χ = χ(t). We
also assume Tmatterµν = 0 just for simplicity. Then a solution of Eq. (26) is given below,
χ = µ2t . (46)
In effect, the (t, t) component and (i, j) component of (30) yield,
0 =− 3H
2
2κ2
− µ
4λ
2
+
1
2
V˜
(
µ2t
)− 12µ2H3h′ (µ2t) , (47)
0 =
1
2κ2
(
2H˙ + 3H2
)
− 1
2
V˜
(
µ2t
)
+ 4µ4H2h′′
(
µ2t
)
+ 8µ2
(
H˙ +H2
)
Hh′
(
µ2t
)
. (48)
On the other hand, Eq, (29) gives,
0 = µ2λ˙+ 3µ2Hλ+ 24H2
(
H˙ +H2
)
h′
(
µ2t
)− V˜ ′ (µ2t) , (49)
Eq. (47) can be solved with respect to λ as follows,
λ = − 3H
2
µ4κ2
+
1
µ4
V˜
(
µ2t
)− 24
µ2
H3h′
(
µ2t
)
. (50)
Then by substituting Eq. (50) into Eq. (49), we reobtain Eq. (48). On the other hand, Eq. (48) can be solved with
respect to V˜
(
µ2t
)
as follows,
V˜
(
µ2t
)
=
1
κ2
(
2H˙ + 3H2
)
+ 8µ4H2h′′
(
µ2t
)
+ 16µ2
(
H˙ +H2
)
Hh′
(
µ2t
)
, (51)
9which tells that for arbitrary h(χ), if the potential V˜ (χ) is assumed to be equal to,
V˜ (χ) =
[
1
κ2
(
2H˙ + 3H2
)
+ 8µ4H2h′′
(
µ2t
)
+ 16µ2
(
H˙ +H2
)
Hh′
(
µ2t
)]
t= χ
µ2
, (52)
then an arbitrary cosmological evolution of the Universe with Hubble rate H = H(t) can be realized. By combining
Eqs. (50) and (51), we also obtain,
λ =
2H˙
µ4κ2
+ 8H2h′′
(
µ2t
)
+
8
µ2
(
2H˙ −H2
)
Hh′
(
µ2t
)
. (53)
Basically the above procedure is a reconstruction method for the model (28) and by using this method it is possible
to realize an arbitrarily given cosmological evolution. In the next subsection we shall use this reconstruction method.
B. Early and Late-time Accelerating Universe Cosmologies with Ghost-free f(G) Gravity
In this subsection, we consider some examples of models which describe an accelerating Universe. As a first example,
we consider a de Sitter space-time realization, in which case the Hubble rate H is a constant H = H0. Then by using
Eq. (52), for an arbitrarily chosen function h(χ), the corresponding scalar potential is given by,
V˜ (χ) =
3H20
κ2
+ 8µ4H20h
′′ (χ) + 16µ2H30h
′ (χ) . (54)
Eq. (53) also indicates how the Lagrange multiplier λ in this model behaves, and it is equal to,
λ (t) = 8H20h
′′
(
µ2t
)− 8
µ2
H30h
′
(
µ2t
)
. (55)
Then by appropriately choosing the functional form of h (χ), we can obtain several different ghost-free f (G) models
which can realize a de Sitter evolution. Next we consider the model which mimics the ΛCDM model, in which case
the Hubble rate H is given by,
H = H0 coth
(
3
2
H0t
)
. (56)
At late times, that is in the limit t→ +∞, H in Eq. (56) behaves as follows,
H → H0 , (57)
which corresponds to an asymptotic de Sitter spacetime. On the other hand, at early times, which era is reached in
the limit t→ 0, the Hubble rate behaves as follows,
H → 3
2t
, (58)
which corresponds to a matter or dust dominated Universe. Then by using Eq. (52), we find,
V˜ (χ) =
3H20
κ2
+ 8µ4H20 coth
2
(
3H0
2µ2
χ
)
h′′ (χ) + 16µ2H30

1− 1
2 sinh2
(
3H0
2µ2 χ
)

 coth(3H0
2µ2
χ
)
h′ (χ) , (59)
and from Eq. (53) we can determine the functional form of the Lagrange multiplier λ, which is,
λ =
3H20
µ4κ2 sinh2
(
3
2H0t
) + 8H20 coth2
(
3
2
H0t
)
h′′
(
µ2t
)− 8H30
µ2
(
1 +
4
sinh2
(
3
2H0t
)
)
coth
(
3
2
H0t
)
h′
(
µ2t
)
. (60)
The model of Eq. (56), which is generated in the context of ghost-free f(G) gravity by the scalar potential of Eq. (59),
realizes the ΛCDM model without introducing any dark matter perfect fluid. Therefore, the model incorporates
the cosmological constant part, corresponding to an equation of state (EoS) parameter being equal to w = −1, and
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also incorporates the cold dark matter (CDM) part, corresponding to and EoS parameter exactly equal to w = 0.
Thus we have succeeded to realize the present accelerating expansion of the Universe by using the ghost-free f (G)
gravity model. Notably, the cosmological evolution (56) can be realized in the context of the ghost-free f(G) by
using a function h (χ) and an arbitrary parameter µ2. In the case of the standard Einstein-Hilbert gravity, the FRW
equations have the following form,
3
κ2
H2 = ρtotal , − 1
κ2
(
2H˙ + 3H2
)
= ptotal , (61)
where ρtotal and ptotal are the total energy density and the total pressure. In effect, the total equation of state (EoS)
parameter wtotal defined by wtotal =
ptotal
ρtotal
is equal to,
wtotal = −1− 2H˙
3H2
. (62)
We should note that the effective total EoS parameter wtotal includes the contributions of all the fluid components
of the Universe like the dark energy, dark matter, and so on. The Planck 2018 results [32], constrain the Hubble
constant, which is the present value of the Hubble rate, as follows Hpresent = (67.4± 0.5) km s−1Mpc−1. Also
the matter density parameter is constrained as Ωm = 0.315 ± 0.007 and finally, the dark energy EoS parameter is
constrained as w0 = −1.03 ± 0.03 although w0 is different from wefftotal. Since ptotal = (1− Ωm)w0ρtotal, the Planck
2018 results indicate that,
wtotal = (1− Ωm)w0 ∼ −0.705 . (63)
Even for a general modified gravity theory, in the case of the ghost-free f (G) gravity case we developed in this paper,
the effective total EoS parameter wefftotal is defined in Eq. (62), that is,
wefftotal = −1−
2H˙
3H2
. (64)
Then in the case of the de Sitter space as in the model (52) in this paper, since the Hubble rate is a constant, H = H0,
we find wefftotal = −1. On the other hand, in the case of the model mimicking the ΛCDM model, namely model (56),
we find,
wefftotal = −1−
1
cosh2
(
3
2H0tpresent
) , (65)
where tpresent is the value of the cosmic time today. In the model (56), the dark matter contribution to the evolution
is effectively included. Then the Planck 2018 results (63) constrain the parameters of the model (56). Due to the fact
that the observed Hubble constant is Hpresent = (67.4± 0.5) kms−1Mpc−1, by using (56) we find,
H0 coth
(
3
2
H0tpresent
)
= (67.4± 0.5) km s−1Mpc−1 . (66)
On the other hand, combined with Eq. (65), the Planck 2018 results (63) indicate that,
1
cosh2
(
3
2H0tpresent
) ∼ 0.294 . (67)
Then Eqs. (66) and (67) actually constrain the parameters H0 and tpresent of the model, so these can appropriately
be chosen so that the constraints are satisfied.
In addition, since the ΛCDM model is still consistent with any constraint obtained from the observations on the
current expansion of the Universe, the model (56) mimicking the ΛCDM model should be consistent with the current
observational data. In the future, perhaps some deviations from the standard ΛCDM model may be observed. Then
by using the formulation of ghost-free f (G) gravity model which we presented in this paper, we can always construct
a more realistic model than the ΛCDM model, according to future observations.
As another model, we shall consider the following cosmological model with parameters, δ, H0, Hi, ts, µ, and Λ,
H(t) = δeH0−Hit tanh
(
ts − t
µ
)
+ Λ , (68)
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where the parameters µ andHi are measured in seconds in natural units, while the parameter δ has dimensions sec
−2 in
natural units. In addition, the parameter H0 is considered to be dimensionless. The above model has quite interesting
early and late-time phenomenology if the free parameters are appropriately chosen, since it can qualitatively describe
a quasi-de Sitter cosmological evolution at early times and an accelerating era of de Sitter form at late times. Indeed,
if the parameter ts is chosen to be the age of the present Universe, and also if the parameter Λ is chosen to be the
present time cosmological constant, then at early times when t≪ ts, the first term is approximated as follows,
H(t) ∼ δ (eH0 − eH0Hit)− Λ , (69)
due to the fact that at early times,
tanh
(
ts − t
µ
)
∼ 1 . (70)
Hence, if H0 and Hi are appropriately chosen so that e
H0 , Hi ≫ Λ, the early-time evolution is a quasi-de Sitter
evolution of the form,
H(t) ∼ δ (eH0 − eH0Hit) , (71)
and the effective EoS parameter is nearly wefftotal ∼ −1. Accordingly, at late-times when t ∼ ts, the exponential in
Eq. (68) tends to zero, and also we have,
tanh
(
ts − t
µ
)
∼ 0 , (72)
in effect, the Hubble rate is again approximated by an exact de Sitter evolution,
H(t) ∼ Λ . (73)
The realization of the model (69) in the context of the ghost free f(G) is possible, if the scalar potential is equal to,
V (χ(t)) =
3
(
eH0−Hit tanh
(
ts−t
µ
)
+ Λ
)2
− 2e
H0−Hit(Hiµ tanh( ts−tµ )+sech
2( ts−tµ ))
µ
κ2
+ 16µ2
(
eH0−Hit tanh
(
ts − t
µ
)
+ Λ
)
× h′(χ)

(eH0−Hit tanh( ts − t
µ
)
+ Λ
)2
−HieH0−Hit tanh
(
ts − t
µ
)
−
eH0−Hitsech2
(
ts−t
µ
)
µ


+ 8µ4h′′(χ)
(
eH0−Hit tanh
(
ts − t
µ
)
+ Λ
)2
. (74)
and the Lagrange multiplier function λ(χ(t)) is chosen as,
λ(χ(t)) =
2
(
−HieH0−Hit tanh
(
ts−t
µ
)
− e
H0−Hitsech2( ts−tµ )
µ
)
κ2µ4
+
8h′(χ)
µ2
(
eH0−Hit tanh
(
ts − t
µ
)
+ Λ
)
×

2

−HieH0−Hit tanh
(
ts − t
µ
)
−
eH0−Hitsech2
(
ts−t
µ
)
µ

− (eH0−Hit tanh( ts − t
µ
)
+ Λ
)2
+ 8h′′(χ)
(
eH0−Hit tanh
(
ts − t
µ
)
+ Λ
)2
. (75)
By appropriately choosing the function h(χ), one may obtain different models which can realize the same cosmological
evolution (69), so a rich phenomenology can be obtained. The scalar potential at early times is much more simplified,
since it takes the form,
V (χ(t)) ∼ 3
(
eH0 − eH0Hit
)2 − 2eH0Hi
κ2
12
+ 8µ4h′′(χ)
(
eH0 − eH0Hit
)2
+ 16µ2h′(χ)
(
eH0 − eH0Hit
) ((
eH0 − eH0Hit
)2 − eH0Hi) , (76)
while at late-times it is approximated by,
V (χ(t)) ∼ 8Λ2µ4h′′(χ) + 16Λ3µ2h′(χ) + 3Λ
2
κ2
. (77)
The most interesting feature of the ghost-free model can be seen by looking Eqs. (76) and (77), due to the presence
of the function h(χ) in both equations. This means that by appropriately choosing the function h(χ) so that a viable
early-time phenomenology is obtained, this choice will affect the late-time phenomenology to some extent, not via the
late-time Hubble rate, but certainly through the scalar potential and the Lagrange multiplier function λ. Therefore,
quite interesting phenomenologies may be obtained, due to the fact that during the two eras the EoS parameter is
nearly wefftotal ∼ −1, hence the potential and the Lagrange multiplier function may affect other observable quantities
and render the model more compatible with the observational data. Work is in progress towards this direction.
Before closing this section we should note that other cosmological evolutions can be realized in the context of the
ghost-free f(G) theory which developed. For example, consider the symmetric bounce with Hubble rate,
H(t) = eαt
2
, (78)
which a well known bounce cosmology [33, 34]. The symmetric bounce has interesting phenomenology, since in the
limit t → −∞, the EoS parameter is approximately, wefftotal ∼ −1, which is a nearly de Sitter phase. After that and
as the bouncing point at t = 0 is approached, the Universe experiences quintessential acceleration which gradually
turns to a decelerating expansion, with gradually negative and positive EoS parameter. Near the bouncing point,
the Universe experiences another nearly de Sitter accelerating era, and as the cosmic time grows it is followed by a
phantom accelerating era, which eventually tends to a nearly de Sitter expansion at t → ∞. It is conceivable that
the most interesting part of this bounce cosmology, from a phenomenological point of view, is the contracting phase.
This cosmological evolution can be realized by the scalar potential,
V (χ) =
eαt
2
(
8κ2µ4eαt
2
h′′(χ) + 16κ2µ2eαt
2
(
eαt
2
+ 2αt
)
h′(χ) + 3eαt
2
+ 4αt
)
κ2
, (79)
where χ = tµ2, and also by the Lagrange multiplier function λ(χ),
λ(χ) = 8e2αt
2
h′′(χ) +
8eαt
2
(
4αteαt
2 − e2αt2
)
h′(χ)
µ2
+
4αteαt
2
κ2µ4
, (80)
where in both Eqs. (79) and (80), the function h(χ) is arbitrary. Thus in the context of the formalism we developed, we
do not have a single model realizing the symmetric bounce, but a class of models which can realize this cosmological
evolution. In principle, the choice of the function h(χ) can be done in such a way so that the phenomenological
constraints can be satisfied. We do not further discuss this topic for brevity, but it is conceivable that there is much
room for realizing interesting phenomenologies.
IV. NEWTON LAW IN GHOST-FREE f(G) GRAVITY
In this section we shall consider the Newton law in the context of ghost-free f(G) and we shall investigate how this
becomes in the ghost free theory. Some alternative solutions in the context of general Gauss-Bonnet theories can be
found in Refs. [36, 37]. In order to consider the correction to the Newton law, we assume the geometric background is
flat, by considering the limit of H → 0 in the last section. This is because we like to consider the Newton law at scales
much smaller in comparison to the cosmological scales, which are of the order ∼ 1
H
in an asymptotically de Sitter
spacetime during the present time era of the Universe. Then Eq. (51) or Eq. (52) indicate that V˜ (χ) = 0 although
h (χ) can be an arbitrary function in general. Therefore Eq. (50) suggests that λ = λ(0) = 0. We also assume that
the gauge condition (15) holds true. Then by using Eqs. (38), (34), (35), (36), and (37), we obtain,
0 =− µ2∂tδχ− µ4δgtt , (81)
0 =µ2∂tδλ− h′
(
χ(0)
)

(0) (ηµνδgµν) , (82)
0 =− 1
4κ2
(
−(0)δgµν − ∂µ∂ν
(
ηρλδgρλ
)
+ g(0)µν
(0) (ηρσδgρσ)
)
+
1
2
δTmatterµν − 1
2
µ4δtµδtνδλ
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+ µ4
{
2ηµν
(0)
(
ηζξδgζξ
)
+ 2
(−ηρtδ tµ δ σν − ηρtδ tν δ σµ + ηµνηρtησt) (−(0)δgρσ − ∂ρ∂σ (ηζξδgζξ))
−4
(
−(0)δgµν − ∂µ∂ν
(
ηζξδgζξ
))− 2 (∂t∂µδgνt − ∂2t δgνµ − ∂ν∂µδgtt + ∂ν∂tδgtµ)} h′′ (χ(0)) , (83)
δλ =− 2
µ4
(
− 1
2κ2

(0) (ηρσδgρσ) +
1
2
δTmatter − 2µ4
(

(0)δgtt + ∂
2
t
(
ηρλδgρλ
)
+(0) (ηρσδgρσ)
)
h′′
(
χ(0)
))
. (84)
By substituting Eq. (84) in (83), we obtain,
0 =− 1
4κ2
(
−(0)δgµν − ∂µ∂ν
(
ηρλδgρλ
)
+ g(0)µν
(0) (ηρσδgρσ)
)
+
1
2
δTmatterµν
+ δtµδtν
{
− 1
2κ2

(0) (ηρσδgρσ) +
1
2
δTmatter − 2µ4
(

(0)δgtt + ∂
2
t
(
ηρλδgρλ
)
+(0) (ηρσδgρσ)
)
h′′
(
χ(0)
)}
+ µ4
{
2ηµν
(0)
(
ηζξδgζξ
)
+ 2
(−ηρtδ tµ δ σν − ηρtδ tν δ σµ + ηµνηρtησt) (−(0)δgρσ − ∂ρ∂σ (ηζξδgζξ))
−4
(
−(0)δgµν − ∂µ∂ν
(
ηζξδgζξ
))− 2 (∂t∂µδgνt − ∂2t δgνµ − ∂ν∂µδgtt + ∂ν∂tδgtµ)}h′′ (χ(0)) . (85)
We shall consider a static point gravitational source for the matter at the spatial origin, that is,
δTmatter tt = Mδ
(3) (x) , other components of δTmatterµν = 0 , (86)
where (x) =
(
xi
)
. In the following two subsections, we shall investigate how the Newton law is modified in the context
of Lagrange multiplier constrained Einstein-Hilbert gravity and in the context of ghost-free f(G) gravity.
A. Newton Law for Lagrange Multiplier Constrained Einstein-Hilbert gravity
Let us first consider the constrained Einstein-Hilbert gravity case, in which case h (χ) = 0. Then Eq. (85) reduces
to,
0 =− 1
4κ2
{
−(0)δgµν − ∂µ∂ν
(
ηρλδgρλ
)
+ g(0)µν
(0) (ηρσδgρσ)
}
+
1
2
δTmatterµν
+ δtµδtν
{
− 1
2κ2

(0) (ηρσδgρσ) +
1
2
δTmatter
}
. (87)
The (t, t), (i, j), and (t, i) components of (87) yield,
0 = − 1
4κ2
{
−(0)δgtt − ∂2t
(
ηρλδgρλ
)

(0) (ηρσδgρσ)
}
, (88)
0 = − 1
4κ2
{
−(0)δgij − ∂i∂j
(
ηρλδgρλ
)
+ δij
(0) (ηρσδgρσ)
}
, (89)
0 = − 1
4κ2
{
−(0)δgti − ∂t∂iν
(
ηρλδgρλ
)}
. (90)
and Eq. (84) has the following form,
δλ = − 2
µ4
(
− 1
2κ2

(0) (ηρσδgρσ) +
1
2
δTmatter
)
. (91)
We now assume that,
δgtt = A(r) , δgij = B(r)δij + C(r)x
ixj , δgti = 0 , (92)
where r =
√∑
i=1,2,3 (x
i)
2
. Then Eq. (90) is trivially satisfied and since,
ηρλδgρλ =−A+ 3B + r2C ,
△(xixjC(r)) =2δijC(r) + 6x
ixj
r
C′(r) + xixjC′′(r)
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∂i∂j(−A+ 3B + r2C) =δij
r
(−A′ + 3B′ + 2rC + r2C′)+ xixj
r3
(
A′ − rA′′ − 3B′ + 3rB′′ + 3r2C′ + r3C′′)
△(−A+ 3B + r2C) =1
r
(−2A′ − rA′′ + 6B′ + 3rB′′ + 6rC + 6r2C′ + r3C′′′) (93)
Eqs. (88), (89) have the following forms,
0 =
1
4κ2
△(3B + r2C) , (94)
0 =− 1
4κ2
{
−δij
r
(
A′ + rA′′ −B′ − 2rB′′ − 2rC − 5r2C′ − r3C′′)
−x
ixj
r3
(
A′ − rA′′ − 3B′ + 3rB′′ + 9r2C′ + 2r3C′′)} . (95)
In effect, we have,
0 =3B + r2C , (96)
0 =A′ + rA′′ −B′ − 2rB′′ − 2rC − 5r2C′ − r3C′′ , (97)
0 =A′ − rA′′ − 3B′ + 3rB′′ + 9r2C′ + 2r3C′′ . (98)
By using Eq. (96), we can eliminate B from Eqs. (97) and (98), so we get,
0 =A′ + rA′′ − 2r2C′ − r
3
3
C′′ , (99)
0 =A′ − rA′′ + 6r2C′ + r2C′′ . (100)
By also eliminating C from Eqs. (99) and (100), we obtain,
0 = 4A′ + 2rA′′ . (101)
Under the boundary condition that A→ 0 when r →∞, the solution of Eq. (101) is given by,
A =
A0
r
, (102)
with a constant A0. Then Eq. (97) takes the following form,
0 =
A0
r2
− 1
3r3
(
r6C′
)′
, (103)
and a solution of the above equation is,
C = − A0
2r3
. (104)
In effect, Eq. (96) indicates that,
B =
A0
6r
, (105)
where we have assumed that the boundary condition B,C → 0 when r →∞ holds true. Eq. (91) also suggests that,
δλ = − 2
µ4
(
−4piA0
2κ2
δ(3) (x) +
1
2
Mδ(3) (x)
)
. (106)
If we put δλ = 0, we find,
A0 =
κ2M
4pi
, (107)
which reproduces the standard Newtonian potential φNewton, that is,
φNewton ≡ A
2
=
κ2M
8pi
=
GM
r
, (108)
where G = κ
2
8pi is the Newton gravitational constant. We should note, however, that Eq. (106) indicates that there
is an infinite number of solutions, which do not always reproduce the standard Newton law if δλ 6= 0. In addition,
Eq. (82) indicates that 0 = ∂tδλ if h = 0, which corresponds to the Einstein-Hilbert gravity case. Therefore, if we put
δλ = 0 as an initial condition, then the term δλ always vanishes, and the model reproduces the standard Newton law.
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B. Newton Law in Ghost-free f (G) gravity
Let us now investigate how the Newton law becomes in the context of the ghost-free f (G) gravity model (28). First
we assume that Eq. (92) holds true in this case too. Then the general solutions of Eqs. (81) and (82) are given by,
δχ = −µ2tA(r) + c1 (x) , δλ = 1
µ2r2
h
(
µ2t
) (
r2
(−A(r) + 3B(r) + r2C(r))′)′ + c2 (x) , (109)
where c1 (x) and c2 (x) appear by integrating with respect to t, and these can be determined by Eq. (83). However
by assuming a spherical symmetry, then c1 (x) and c2 (x) should depend on x via the radial coordinate r, that is,
c1 (x) = c1 (r) and c2 (x) = c2 (r). On the other hand, Eq. (84) has the following form,
δλ = − 2
µ4
{
− 1
2κ2
(
r2
(−A(r) + 3B(r) + r2C(r))′)′ − M
2
δ(3) (x)− 2µ
4
r2
(
r2
(
3B(r) + r2C(r)
)′)′
h′′
(
µ2t
)}
. (110)
By comparing δλ from Eq. (109) with (110), for arbitrary h (χ), we find A(r) = 3B(r) + r2C(r) = 0 and c2(r) =
−M2 δ(3) (x). If surely A(r) = 0, the result is in conflict with the resulting Newton law of the constrained Einstein
gravity case, given in Eq. (108). This indicates that the assumption (92) is not satisfied and the correction to the
Newton law should be time-dependent, which could constrain µ2, h (χ), and/or V˜ (χ), so that the correction could be
consistent with any experiment or observation. Eq. (85) indicates that the correction to the Newton law in the case
of Einstein-Hilbert gravity is proportional to the parameter µ4 and the function h (χ), and therefore if µ4 or h (χ) are
small enough, the constraint for the Newton law is always satisfied. For the case of the model (56) which mimics the
ΛCDM model, as long as we consider the Newton law at scales much smaller than the cosmological scales ∼ 1
H
and
as long as h (χ) is small, the constraint for the Newton law is independent on the cosmological constraints. So the
constraints (66) and (67) can be imposed without restricting µ and h (χ).
V. GHOST-FREE F (R,G) GRAVITY
As a final task we shall demonstrate how to obtain a ghost-free F (R,G) theory of gravity. The vacuum F (R,G)
gravity action is,
S =
∫
d4x
√−gF (R,G) , (111)
where F (R,G) is a function of the scalar curvature R and G stands for the Gauss-Bonnet invariant given in Eq. (2). It
was claimed that this model (111) has ghost instabilities [20], so let us see how ghost degrees of freedom are manifested
at the equations of motion level. By introducing two auxiliary fields Φ and Θ, the action of Eq. (111) can be rewritten
as follows,
S =
∫
d4x
√−g
{
ΦR
2κ2
+ΘG − V (Φ,Θ)
}
, (112)
where we have introduced the gravitational coupling κ in order to make Φ and Θ dimensionless. By varying the action
(112) with respect to Φ and Θ, we obtain,
R
2κ2
=
∂V (Φ,Θ)
∂Φ
, G = ∂V (Φ,Θ)
∂Θ
, (113)
which can be algebraically solved with respect Φ and Θ, that is, Φ = Φ (R,G) and Θ = Θ (R,G). Then by substituting
the obtained expressions for Φ = Φ (R,G) and Θ = Θ (R,G) in Eq. (112), we obtain the action (111) with,
F (R,G) = Φ (R,G)R+Θ(R,G)G − V (Φ (R,G) ,Θ(R,G)) . (114)
In order to investigate the properties of the action (112), we work in the Einstein frame, so under a conformal
transformation of the form gµν → eφgµν , the curvatures are transformed as follows [17, 35],
Rζµρν →
{
Rζµρν − 1
2
(gζρ∇ν∇µφ+ gµν∇ρ∇ζφ− gµρ∇ν∇ζφ− gζν∇ρ∇µφ)
+
1
4
(gζρ∂νφ∂µφ+ gµν∂ρφ∂ζφ− gµρ∂νφ∂ζφ− gζν∂ρφ∂µφ)
16
− 1
4
(gζρgµν − gζνgµρ) ∂σφ∂σφ
}
,
Rµν →Rµν − 1
2
(2∇µ∇νφ+ gµνφ) + 1
2
∂µφ∂νφ− 1
2
gµν∂
σφ∂σφ ,
R→
(
R − 3φ− 3
2
∂σφ∂σφ
)
e−φ . (115)
Therefore the Gauss-Bonnet invariant G in Eq. (2) is transformed in the following way,
G → e−2φ
[
G +∇µ
{
4
(
Rµν − 1
2
gµνR
)
∂νφ+ 2 (∂
µφφ− (∇ν∇µφ) ∂νφ) + ∂νφ∂νφ∂µφ
}]
. (116)
Then by writing Φ = e−φ, the action of Eq. (112) can be rewritten by taking into account the conformal transformation
gµν → eφgµν as follows,
S =
∫
d4x
√−g
{
1
2κ2
(
R− 3
2
∂σφ∂σφ
)
+ΘG − ∂µΘ
{
4
(
Rµν − 1
2
gµνR
)
∂νφ+ 2 (∂
µφφ− (∇ν∇µφ) ∂νφ) + ∂νφ∂νφ∂µφ
}
− e2φV (e−φ,Θ)} . (117)
This action (117) may have ghost degrees of freedom due to the existence of Θ. As in the last section, we might
eliminate the ghost degrees of freedom by writing Θ as Θ = eθ and add a constraint to the action (117) by using the
Lagrange multiplier field λ, in the following way,
S =
∫
d4x
√−g
{
1
2κ2
(
R− 3
2
∂σφ∂σφ− λ
(
∂µθ∂
µθ + µ2
))
+eθG − eθ∂µθ
{
4
(
Rµν − 1
2
gµνR
)
∂νφ+ 2 (∂
µφφ− (∇ν∇µφ) ∂νφ) + ∂νφ∂νφ∂µφ
}
− e2φV (e−φ, eθ)} . (118)
As in the previous section, the scalar fields θ and λ are not dynamical degrees of freedom and the dynamical degrees
of freedom are actually the metric and the scalar field φ, as in the standard F (R) gravity, therefore no ghost degrees
of freedom occur in the theory.
VI. CONCLUSIONS
The focus in this work was to enlighten the ghost problem of the modified gravity theories containing the Gauss-
Bonnet scalar G. Particularly, we studied two kind of theories, namely f(G) gravity and F (R,G) gravity. In both
cases we investigated how the ghost degrees of freedom may appear even at the equations of motion level, by using
perturbations of the metric, and as we demonstrated, ghost degrees of freedom haunt both the aforementioned modified
gravity theories. In both cases, we provided a theoretical remedy by using the Lagrange multiplier formalism which
materializes constraints in terms of the Lagrange multipliers. As we demonstrated, our formalism leads to the
elimination of the ghost degrees of freedom in both the f(G) gravity and F (R,G) gravity theories, and thus the
resulting theories can in principle produce ghost free primordial curvature perturbations. Especially, in the F (R,G)
gravity case, this was a serious issue due to the fact that modes ∼ k4 occurred in the master equation which governed
the evolution of the primordial curvature perturbations. For the case of the ghost-free f(G) gravity theory, we
investigated how accelerating cosmologies can be realized by these theories. The formalism which we presented can be
used as a reconstruction technique, and as we demonstrated there is room for rich model building, since in principle
any cosmological evolution can be realized by a number of different ghost-free f(G) theories, due to the freedom
provided by the Lagrange multiplier formalism. A future step of the results we presented, is to provide a concrete
formalism to study the inflationary period which can be technically difficult, due to the presence of the Lagrange
multiplier. Work is in progress towards this research line.
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